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Abstract 
In this paper, we show that for every finite group with cyclic Sylow p-subgroups the principal 
p-block B is rigid with respect to the trivial simple module. This means that each 
autoequivalence which fixes the trivial simple module fixes the isomorphism class of each 
finitely generated B-module. 
As a consequence ach augmentation preserving automorphism of the integral group ring of 
PSL(2, p), p a rational prime, is given by a group automorphism followed by a conjugation in 
QPSL(2,p). In particular this proves a conjecture of Zassenhaus for these groups. 
Finally we show the same statement for a couple of other simple groups by different methods. 
1. Introduction 
Let BG denote the integral group ring of a finite group G. The determination of the 
structure of the unit group U(ZG) is of fundamental interest in non-commutative 
number theory and in the integral representation theory of finite groups. 
It is an open question whether the torsion subgroups of U(HG) are determined by 
G. In particular the isomorphism problem, i.e. the question, whether a ring isomor- 
phism between ZG and ZH implies that G and H are isomorphic as groups, is 
unsolved. If H is a finite group, ZG and ZH are isomorphic if, and only if, H has the 
same order as G and is isomorphic to a subgroup of the group of normalized units 
V(ZG), i.e. the units with augmentation 1. Zassenhaus conjectured that such sub- 
groups of V(hG) are even linked by a conjugation with a unit of QG. This should be 
seen as part of a non-commutative analogue to Dirichlet’s unit theorem. Zassenhaus’s 
conjecture has had a big influence for the most results on torsion subgroups of U(ZG) 
which have been proved in the last twelve years. 
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Roggenkamp and Scott proved this conjecture of Zassenhaus for nilpotent groups 
[29] and for groups whose generalized Fitting subgroup F*(G) is a p-group [30,33]. 
Moreover Weiss showed that for nilpotent groups each finite subgroup of I’(ZG) is 
conjugate in QG to a subgroup of G [35,36]. However, Roggenkamp and Scott 
created a metabelian counterexample to the conjecture of Zassenhaus [28; 31, IX, 
Section 11. There is a good obstruction theory in eech cohomology style which 
describes in particular the situation for soluble groups [24]. 
Nevertheless almost nothing is known, if F*(G) is simple non-abelian, in particular 
if G is simple non-abelian. 
In this article we show the following. 
Theorem 1. Let G be the projective linear group PSL(2,p) with p a rational prime. Then 
subgroups of V(HG) of the same order as G are conjugate by a unit of QG. 
This establishes the first series of simple non-abelian groups for which the Zassen- 
haus conjecture is valid. 
The method of the proof is the use of block theory and the link between automor- 
phisms of the integral group ring and autoequivalences of (principal) blocks. In 
Section 2 we present some basic statements about autoequivalences of module 
categories, in particular those arising from ring automorphisms. This applied to 
Brauer tree algebras leads to the following result. 
Theorem 2. Assume that theJinite group G has cyclic Sylow p-subgroups. Then each 
non-trivial autoequivalence of the principal p-block BO, which fixes the trivial simple 
module, preserves the isomorphism classes of all finitely generated Be-modules. 
Theorem 2 is essential for the proof of Theorem 1. Both theorems are established in 
Section 3. Finally, in Section 4, we study other simple groups. In particular it is shown 
that the conjecture of Zassenhaus i  valid for all Mathieu groups. In order to get this it 
is not sufficient to look only at blocks with cyclic defect. The knowledge of the 
decomposition matrix also for p-blocks with non-cyclic defect or only parts of it is 
important. In this sense Section 4 shows exemplarily methods which may lead to the 
verification of the Zassenhaus conjecture for wider classes of simple groups. 
2. Automorphisms of rings and equivalences of categories 
Let us begin by introducing some notation and conventions. Our rings are asso- 
ciative rings with 1. A ring homomorphism always maps the 1 to the 1. Modules are 
left modules unless the contrary is stated explicitly, and the 1 of the ring acts as the 
identity on the module. Maps and functors are written on the left, and iffand g are 
two maps such that composition makes sense, then fo g means “first g then f”. 
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Let A be a ring. We denote by .m, respectively, Am the category of left A-modules, 
respectively, finitely generated left A-modules. 
2.1. Equivalences of module categories 
An autoequivalence of .m is a covariant equivalence .?IJI-+ Am of abelian catego- 
ries. Let F be an autoequivalence of .W. Then F preserves imple, projective and 
injective modules. Furthermore, F is exact, i.e. it preserves hort exact sequences. For 
any ME A9X, the two functors HomA(M,-) and Hom,(FM,-)o F are naturally 
isomorphic, and hence so are their nth right derived functors Exti(M,-) and 
Ext:(FM,-) o F. In particular, F induces graded isomorphisms between the Ext 
groups of A. If M and N are two A-modules, then there is an isomorphism of graded 
groups Ext *(M, N) -+ Ext*(FM, FN). Similarly, we obtain an isomorphism of graded 
groups Tor,(M, N) -+ Tor,(FM, FN). 
The following definition is motivated by the applications we have in mind. It should 
also be seen in the context of the problem of defining normalization for non-principal 
blocks [34, p. 2571. 
Definition 2.1. Let M E ,,m. The category Am is called rigid with respect to M if every 
autoequivalence of Am which preserves the isomorphism class of M also preserves the 
isomorphism class of every other module in Am. 
We next consider equivalences of module categories arising from ring automor- 
phisms. Let B be a ring and 
r:B-+A 
a ring homomorphism. An A-module M can then be given the structure of a B-module 
by defining bm:= z(b)m, b E B, m E M. This B-module is denoted by T, M. An A- 
module homomorphism between two A-modules M and N is also a B-module 
homomorphism between T, M and T, N. We thus obtain a covariant exact functor 
of abelian categories. If r is an isomorphism, then T, is an equivalence of abelian 
categories with inverse equivalence T,-I _ Next we consider the case that 
a:A+A 
is a ring automorphism of A and put &:= TOmI. Then ri is an autoequivalence of A’%R. 
For another automorphism r of A we obtain G = ? o 6. This is the reason for using 
0-l rather than cr in the definition of B. We finally remark that the above consider- 
ations are also valid for any full subcategory of a!UI which is mapped by 6 to itself, for 
example for the category ,_,m of finitely generated left A-modules. 
Let us denote by G,(A) the Grothendieck group of Am. The autoequivalence 6 of 
Am preserves hort exact sequences and thus induces an automorphism of G,(A), also 
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denoted by c?. From G = z* o 8 for rr, z E Aut(A) we obtain an action of Am(A) on 
G,(A). Similarly, Aut(A) acts on K,(A), the Grothendieck group of the category of 
finitely generated projective left A-modules. 
2.2. Algebras and extension of scalars 
Let R be a commutative ring and suppose that A is an R-algebra. We denote by 
Aut(A) the group of all R-algebra automorphisms of A. Let S be another commutative 
ring with 1 and z : R + S a ring homomorphism. Then S is a right R-module via r, and 
we may form the S-algebra ‘A := SOR A. If M is an A-module, then ‘M := SOR M is 
an ‘A-module. We have a functor of module categories 
sending a module M to ‘M, and a homomorphism f~ HomA(M,N) to 
ids @f E Horn s’(~M, ‘IV). 
If CJ is an R-algebra automorphism of A, then os:= ids 0 CJ is an S-algebra 
automorphism of ‘A. We shall denote the corresponding autoequivalence of s’!JJl by 
Cs. The two functors Ts o ~9 : JOI--+ sA '%I and c?~ o T, : AYJl + sA‘2Jl are naturally isomor- 
phic. If Ts is an exact functor, then it induces a homomorphism GO(A) -+ GO(‘A) of the 
Grothendieck groups, also denoted by Ts. In this case we have Ts o 6 = gs o Ts as 
maps from G,(A) to G,(‘A). 
2.3. Augmented algebras 
We continue with the notation of the previous section. Let 
be a surjective homomorphism of R-algebras. Such an E is called an augmentation map 
and the pair (A,&) an augmented R-algebra. The ring R can be given the structure of 
a left and a right A-module via E. See [3, Vol. 1, Section 2.41, for more details, in 
particular for the definition of homology and cohomology groups of (A, E). 
Definition 2.2. The R-algebra automorphism Q of (A,&) is called augmented or nor- 
malized if E = E o 0. The set of augmented automorphisms of A is denoted by Aut,(A). 
It is clear that o is augmented if, and only if, o(Z) = I, where I denotes the kernel of c, 
the augmentation ideal of A. 
Let r : R + S be as in Section 2.2. Then ‘A is an augmented S-algebra with 
augmentation map +:= ids @ E and augmentation ideal ‘I. If cr is an augmented 
R-algebra automorphism of A, then gs:= ids @ o is an augmented automorphism 
of ‘A. 
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2.4. Group rings and the decomposition map 
We now specialize to the case of group rings. Let G be a finite group and 
R a commutative ring with 1. We denote the group ring of G over R by RG. This is an 
augmented R-algebra with augmentation 
c~:RG+R, c rC7s I-+ c rv 
gtG gtG 
For r: R + S as in Section 2.2, we identify ‘RG with the group ring SC. 
Let E be a field and S1, . . . , S, a set of simple EC-modules, one from each 
isomorphism class. The image of a module M in the Grothendieck group G&EC) is 
denoted by [M]. Then G,(EG) is isomorphic to the free abelian group on the set 
{CSII, ... , [S,] > (see [8, Proposition 16.61). If g is an automorphism of EC, then the 
induced automorphism 6 on G,(EG) permutes the basis { [SJ, . . , [S,] >, and so 
G,,(EG) is a Z-permutation module for Aut(EG). 
Let R be a discrete valuation ring with field of fractions K and residue class field k. If 
the characteristic of k is a prime number p, the triple (K, R, k) is called a p-modular 
system. Suppose that 0 is an R-algebra automorphism of RG. We then have the 




‘m KC; ‘m ) KC; 
0, 
The equivalences tK and 5k of KGm, respectively , kGllf induce automorphisms of the 
respective Grothendieck groups. 
An RG-module, whose underlying R-module is finitely generated and free, is called 
an RG-lattice. The decomposition map 
d : G,(KG) + G,(kG) 
is defined as follows. Let Si, . . , S, be a representative set of simple KG-modules. For 
each i, choose an RG-lattice Li such that TKLi E Si ([S, Proposition 16.151). Then 
[T,LJ E G,(kG) only depends on the isomorphism type of Si [8, Proposition 16.153. 
Sending the basis elements [SJ of G,(KG) to [T,Li] and extending linearly defines 
the decomposition map d. From the commutative diagram of functors as above we 
obtain that the homomorphisms do ex and ek o d from G,(KG) onto G,(kG) coincide. 
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2.5. The Brauer graph 
Let G be a finite group of exponent m. We say that a field K is sufJiciently large for 
G if the mth roots of unity are contained in K. In this case, K is a splitting field for 
G and all its subgroups [S, Theorem 17.11. In this section we fix a p-modular system 
(K, R, k) such that K has characteristic 0 and is sufficiently large for G. Then k also is 
sufficiently large for G [S, Corollary 17.21. 
The irreducible characters of KG are denoted by Irr(G), and the irreducible Brauer 
characters (with respect to (K, R, k)) by IBr(G). We may identify the Grothendieck 
groups G,(KG) and G,(kG) with the groups of generalized ordinary, respectively, 
generalized Brauer characters. The decomposition map d is then simply restriction to 
p-regular classes [S, Propositions 17.14, 17.151. It follows from the considerations in 
the previous sections that the group Aut(RG) acts on Irr(G) and on IBr(G) in such 
a way that it commutes with the decomposition map 
d: GO(KG) + G,(kG). 
The Brauer graph r” of the triple (KG, RG, kG) is defined as follows. 
Definition 2.3. The vertices off correspond bijectively to Irr(G). Two vertices 1 and 
$ are linked by an edge if, and only if, d(X) and d(ll/) have a common constituent. 
Sometimes it is convenient o consider the reduced Brauer graph r of G. We define 
an equivalence relation on the set of vertices Irr(G) of i= by calling two vertices x and 
+ equivalent if d(X) = d($). 
Suppose first that all vertices of f are equivalent. Then the reduced Brauer graph 
r is, by definition, the graph with one edge and two vertices. If in this case f has n > 2 
vertices, we call one of the vertices of r the exceptional vertex and say that it has 
multiplicity m := n - 1. 
If f has at least two equivalence classes, then the reduced Brauer graph r of G is the 
quotient graph of r with respect o this equivalence relation. If in this case f has an 
equivalence class with m > 1 elements, we call the corresponding vertex of r an 
exceptional vertex and say that it has multiplicity m. 
It is clear that an automorphism of the group ring RG induces an equivalence class 
preserving graph automorphism of the Brauer graph. This in turn induces an auto- 
morphism of the reduced Brauer graph. 
The p-blocks of the group G are the subsets of Irr(G)uIBr(G) determined by 
the connected components of the Brauer graph. It is obvious that the connected 
components of f and r uniquely determine each other. The Brauer tree rB of a 
block B with cyclic defect group is the connected component rB corresponding to B of 
the reduced Brauer graph r of G. It is known from Brauer’s and Dade’s theory of 
blocks with a cyclic defect group that rB is a tree and has at most one exceptional 
vertex. 
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2.6. Brauer tree algebras 
The Brauer tree of a block B with cyclic defect group can be given a different 
interpretation which does not use the decomposition map but only the category of 
finitely generated kG-modules lying in B. To explain this, we recall the concept of 
a Brauer tree algebra (see [ 1, Section 171 or [3, Vol. I, 4.181). In this general setting, 
a Brauer tree P is a tree with two additional structures: for each vertex u, the set of 
edges around o is cyclically ordered, and a positive integer m is assigned to one of the 
vertices. If m is larger than 1, then this vertex is called the exceptional vertex of P. The 
collection of cyclic orderings of the edges is called orientation. A planar embedding of 
a tree defines an orientation. Conversely, a Brauer tree has a planar embedding 
determined by its orientation. The tree is usually drawn in such a way that the cyclic 
ordering is counterclockwise around each vertex. 
Let P be a Brauer tree. A Brauer tree algebra A for P is a finite-dimensional 
k-algebra with the following properties. The set of isomorphism types of simple 
A-modules corresponds bijectively to the edges of r. For each pair (e,v) of an edge 
e and a vertex u incident to e, there exists a uniserial A-module whose composition 
series is given as follows. Let e = eO,e,, . , e, denote the edges incident to u, and let Si 
be the simple A-module corresponding to ei. We assume that the notation is chosen 
such that ei+i is next to ei, and e0 is next to e, in the given cyclic ordering of 
‘e 1 0, .“, e,}. Let m be the multiplicity of u (which is greater than 1 for at most one 
vertex). Then the uniserial module determined by (e, u) has composition series from the 
top to the bottom 
S1, ... ,S,SO,Sl, ... ,SI,SO, ... ,So,Si, ... ,S,. 
Here, each of Si, i > 0, appears m times, whereas Se appears m - 1 times. 
Let S be a simple module of A and denote by Ps its projective cover. Then 
rad(P,)/soc(P,) is a direct summand of two (possibly zero) uniserial modules. Let the 
edge e corresponding to S connect the two vertices v and w of r. Then the two direct 
summands of rad(P,)/soc(P,) are the two uniserial modules corresponding to (e,u) 
and (e, w) (for more details, see [l, pp. 118-1231). 
A vertex 1 of r is called a leafif there is exactly one edge e incident to 1. If m(1) = 1, 
this is equivalent o the statement that the uniserial module corresponding to the pair 
(e, I) is the zero module. An edge e of r is called a leafif e is the unique edge incident to 
a vertex I which is a leaf. If m(1) = 1, this is equivalent to the statement hat the 
projective cover of the simple module corresponding to e is uniserial. 
Let A be a Brauer tree algebra for the Brauer tree P, and let F be an 
autoequivalence of am. It is clear that F induces a graph automorphism of r, which 
preserves the orientation and fixes the exceptional vertex, if there is any. 
Let B be a block ideal with cyclic defect group of the group algebra kG. Then the 
Brauer tree r of B, as defined above via the decomposition map, can be given a planar 
embedding in such a way that the k-algebra B is the Brauer tree algebra for r (see 
19, VII.1 21). In this interpretation of the Brauer tree, the vertices correspond to the 
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ordinary irreducible characters of B. Here, a vertex 1 is a leaf if, and only if, its 
corresponding ordinary irreducible character remains irreducible on reduction 
modulo p. An edge e is a leaf if, and only if, the corresponding simple kG-module is 
liftable. 
3. Integral group rings, character tables and blocks 
3.1. A conjecture of Zassenhaus 
Throughout this section R is an integral domain of characteristic zero, G a finite 
group and no prime divisor of 1 G 1 is invertible in R. K denotes a field containing R. 
A unit of RG is called normalized if its augmentation is 1. A subgroup H of the group 
of normalized units of RG is called a group basis if H is an R-basis of RG. Let H be 
a group basis of RG and let C be a conjugacy class of H. Then the sum taken over all 
elements of C is called the class sum C of C. If H is a group basis of RG, then H is in 
class sum correspondence to G, i.e. there is a bijection 6: G + H such that the R-linear 
extension of o fixes the centre of RG elementwise, in particular each class sum. Note 
that (T is a priori not a group homomorphism. 
Zassenhaus conjectured for R = Z that group bases of ZG are conjugate by a unit in 
QG. The Noether-Skolem theorem [S, 3.621 shows that in terms of the class sum 
correspondence this conjecture may be formulated as follows. 
Proposition 3.1. The following are equivalent. 
(a) H is conjugate by a unit of KG to G within RG. 
(b) There exists a class sum correspondence 6: G --f H, which is an isomorphism 
between G and H. 
Note that the conjecture a priori makes the statement hat all group bases are 
conjugate, i.e. in particular that all group bases are isomorphic. Thus the isomorphism 
problem for RG has a positive solution provided the conjecture is true. There is an 
obvious link of the conjecture to the study of ring automorphisms, more precisely 
R-algebra automorphisms of RG. 
We use the following notations (cf. Sections 2.2 and 2.3). The normalized R-algebra 
automorphisms of RG form a normal subgroup Aut,(RG) of the group of all R- 
algebra automorphisms of RG. The latter one we denote by Aut(RG). Clearly the unit 
group U(RG) is a direct product of the normalized units V(RG) and R*. Thus no 
information is lost if one studies only Aut,(RG). Moreover IAut(RG): Aut,(RG)( 
coincides naturally with the number of different group homomorphisms from G to R*. 
If o is a group automorphism of a group basis X of RG, then CJ induces naturally 
a normalized R-algebra automorphism of RG by extending 0 R-linearly to RG. 
Clearly the conjecture of Zassenhaus follows if the isomorphism problem has 
a positive answer for RG and each normalized automorphism may be written as an 
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automorphism induced from a group automorphism followed by a central automor- 
phism (i.e. an automorphism which fixes the centre of RG elementwise). More 
precisely we say that o E Aut,(RG) admits a Zassenhaus decomposition with respect o 
a group basis X of RG if (T is the composition of a normalized automorphism induced 
from a group automorphism of X followed by a central automorphism. The link 
between the conjecture and normalized automorphisms is even stronger. 
In [21,5.3] it is shown that the following property of group ring automorphisms 
implies the conjecture of Zassenhaus for RG (the converse is obvious). 
Each normalized R-algebra automorphism of R(G x G) and of RG admits a Zassen- 
haus decomposition with respect to each group basis of R(G x G), respectively, RG. 
The following is now an immediate consequence. 
Proposition 3.2. Zf for a class r of jinite groups, which is closed under taking direct 
products, each normalized R-algebra automorphism of RG, G E r, is with respect to each 
group basis the composition of an R-algebra automorphism inducedfrom a group automor- 
phism and a central automorphism, then the conjecture of Zassenhaus is validfor all G E r. 
Remarks 3.3. (a) Groups with a positive answer to this conjecture of Zassenhaus are 
closed under direct products [22, Corollary 2.41. 
(b) We like to point out however that the proof of [22, Corollary 2.51 is not 
complete. The arguments only show that, if each normalized automorphism of 
a product-indecomposable group G has a Zassenhaus decomposition with respect o 
each group basis, then this holds with respect o group bases of R(G x G) of the special 
form U x U, U some indecomposable group. The case of an arbitrary group basis of 
R(G x G) remains unsettled. 
(c) Nevertheless by [23, Theorem 2.31 the isomorphism problem for simple groups 
G has a positive answer. Hence in order to establish the Zassenhaus conjecture for RG, 
G finite simple, we only have to prove that normalized automorphisms have a Zassen- 
haus decomposition with respect o G. 
In [27] it is shown that normalized automorphisms of ZS, have a Zassenhaus 
decomposition with respect o the symmetric groups S,. (The proof depends only on 
the class sum correspondence. So it applies also in the more general situation with 
R as above instead of E.) Peterson called a group G for which ZG has this property an 
E.R. group, where E.R. stands for elementary represented. The series of the symmetric 
groups was one of the first ones in the area around the Zassenhaus conjecture and 
possibly one which gave evidence for Zassenhaus to state this conjecture. Note that 
the Zassenhaus conjecture and Peterson’s result both date to the mid-seventies. 
3.2. Automorphisms of character tables 
For jinite non-abelian simple groups very little is known with respect o the conjec- 
ture of Zassenhaus. Only ordinary representation theory is used to prove the result for 
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the symmetric groups (Corollary 3.5 below describes this). The same method may 
be applied in the same way only to small groups like Ag. The aim of this section is 
the reformulation of the conjecture of Zassenhaus in terms of automorphisms 
of character tables. The object of the next section is then to demonstrate that the study 
of modular representations, in particular the use of Brauer trees gives additional 
information on the normalized automorphisms of RG and their action on the 
character table. 
Denote by Irr(G) the set of the ordinary irreducible characters of G. Extending 
normalized automorphisms of RG K-linearly to KG and choosing K sufficiently large 
(see Section 2.5) Aut,(RG) acts naturally on the set of ordinary irreducible characters 
B-r(G). Equivalently one can say that Aut,(RG) permutes the Wedderburn compo- 
nents of KG or the central primitive idempotents of KG. On the other hand by the 
class sum correspondence anormalized automorphism 0 of RG acts on the class sums, 
i.e. 0 acts naturally on the conjugacy classes of G. More precisely let c1 E Aut,(RG) then 
for each x E Irr(G) and each conjugacy class C we have that 
i(X) (a(C)) = X(C). (3.1) 
The automorphism group Aut(CT(G)) of the ordinary character table CT(G) is 
defined as the group of all permutations n of Irr(G) and Cl(G) such that for each 
x E Irr(G) and each C E Cl(G) the equation 
4x1 (Cl = MC)) 
holds. By Eq. (3.1) we have a homomorphism of Aut,(RG) into Aut(CT(G)) and, since 
the central automorphisms of RG are precisely those representing the kernel of this 
homomorphism, we obtain the following (see also [21,5.8]). 
Theorem 3.4. Each normalized automorphism of RG admits a Zassenhaus decomposi- 
tion with respect to G if and only if the action of a normalized automorphism of RG 
considered as an element of Aut(CT(G)) coincides with that one coming from a group 
automorphism of G. 
It is well known that for groups G and H, G finite, a ring isomorphism between RG 
and RH implies that G and H have the same ordinary character table. For some 
groups the character table determines the isomorphism type of the group (e.g. for all 
finite simple groups [21, Satz 6.31). Thus the following corollary is a sufficient 
criterion in terms of ordinary representation theory to establish the conjecture of 
Zassenhaus. 
Corollary 3.5. Assume that each automorphism of the character table CT(G) comes 
from a group automorphism of G. Then each normalized automorphism of RG admits 
a Zassenhaus decomposition with respect to G. Moreover, tf G is determined by its 
character table, the Zassenhaus conjecture is valid for G. 
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3.3. Equivalences of blocks with cyclic defect 
In general however ordinary character tables permit more automorphisms as may 
be compensated by group automorphisms. Thus the real problem is to determine the 
precise image of Aut,(RG) in Aut(CT(G)). 
Theorem 3.6. Let k be aJield of characteristic p sufticiently largefor G. Let B be a p-block 
ofkG with cyclic defect. Then B is rigid with respect to each leaf M of the Brauer tree of B. 
Proof. Let cr be an autoequivalence of Bnt. By Section 2.6 o induces a graph automor- 
phism of the Brauer tree of B. Because projective covers correspond under o to 
projective covers we are naturally led to the study of graph automorphisms of Brauer 
tree algebras. Before we state their properties we have to introduce some notions. If r is 
a tree and ul, v2 are vertices of r, then the distance d(vI , u2) is defined as the number of 
edges between u1 and v2. Note, since r is a tree the distance is well-defined and a graph 
automorphism r of the tree r is an isometry, i.e. d(vI, v2) = d(v;, vi). Via a planar 
embedding r has an orientation, cf. Section 2.6. t is called a rotation if it is orientation 
preserving and fixes a vertex or an edge. This vertex or this edge is unique provided the 
rotation is non-trivial and then this vertex or the edge is called the centre of the rotation. 
Proposition 3.7. Let A be a Brauer tree algebra. Let T be a graph automorphism of the 
underlying tree and suppose that z respects the multiplicities of the vertices. 
Assume additionally that z respects the projective cover rule of the tree, i.e. for each 
edge w of the tree the following holds. 
Let S be the simple A-module belonging to the edge w, and let S’ be the simple module 
of the edge w’. Let 
1 < c, < ... < c,_i <P, 
be a given composition series of the projective cover Ps and denote by Wi the edges of 
CJCi- 1. Then Psr has a composition series 
1 < D1 < ... < D,_l < Psr. 
such that WI are the edges of DilDi_ 1. 
Then z is the identity or the tree admits non-trivial rotations as symmetries and z is 
such a rotation with centre either a vertex or an edge of the tree. 
Proof of Proposition 3.7. If the tree has only one edge, then the proposition holds 
obviously. If t is a rotation, then an easy calculation shows that z respects the 
projective cover rule of the Brauer tree algebra. 
Let now z be a graph automorphism which respects the projective cover rule. If u is 
a vertex, then let min(v) be the largest natural number such that d(v, 1) 2 min(u) for 
each leaf 1 of the tree. Analogously we define max(v). There are either one or two 
vertices u of the tree such that max(v)’ - min(o)2 is minimal. 
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Case 1: There are two such vertices. Then they have a common edge e and z being 
an isometry must fix this edge. Consider the two subtrees which one obtains by 
removing the edge e. Since r is a graph automorphism, it yields a graph isomorphism 
between these subtrees provided z interchanges the two vertices of e. One sees now 
easily that in this case r is a rotation of order two. If z fixes the vertices of e, then we 
show after dealing with Case 2 that T is the identity. 
Case 2: There is precisely one such vertex v. Then T fixes v (note for the following 
arguments that u may be an arbitrary fixed vertex). Let ei, . . . ,e, be the edges with 
vertex u, enumerated counterclockwise according to the orientation of the Brauer tree 
algebra. Denote by Si, , S, the simple modules corresponding to these edges. Let Pi 
be the projective cover of Si. rad(PJ/S, is the direct sum of two uniserial modules 
(cf. Section 2.6). The one associated to (ei, v) has a unique composition series with 
composition factors, ordered from the top to the bottom, 
where Si occurs m - 1 times, if v has multiplicity m. Assume now that T maps S1 to Sj. 
Then looking at the projective covers we get that Sir z Si+j_ i, where the indices 
larger than s are taken mod s. By assumption T respects the projective cover rule. Thus 
its application to the projective covers associated to other edges and their images 
under T shows that T has to be a rotation. 
Finally suppose that T fixes an edge and its vertices u1 and u2. Then it has to fix all 
edges which have v1 or u2 as vertex. Inductively it follows that T is the identity. This 
completes Case 1 and the proposition is proved. 0 
Proof of Theorem 3.6 (continued). Clearly c induces on the Brauer tree of B a graph 
automorphism respecting the projective cover rule. If g fixes a leaf of the Brauer tree of 
B, it follows from Propositions 3.7 that CJ fixes each vertex and thus preserves the 
isomorphism class of each simple B-module. The same holds with respect to the 
projective covers of the simple modules. By [26, Satz 2.81 it follows that each finitely 
generated indecomposable B-module is characterized by its composition series. Be- 
cause d preserves composition series and fixes each simple B-module up to isomor- 
phism each such indecomposable B-module maps under g into an isomorphic one. 
This completes the proof of the theorem. 0 
Remark 3.8. Let 0 be a normalized R-algebra automorphism of RG. Then r~ fixes the 
trivial simple module. Consequently d fixes the principal p-block for each prime p. 
Assume that the finite group G has a cyclic Sylow p-subgroup. Then the principal 
p-block of G is a Brauer tree algebra. Moreover the trivial simple module is a leaf of 
the Brauer tree. This leads naturally to a situation where Theorem 3.6 may be applied, 
cf. the following corollary. 
Note, however, that non-principal blocks often are not fixed by 0. 
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Corollary 3.9. Assume that the ,jinite group G has a cyclic Sylow p-subgroup. Let 
x E Irr(G) be non-exceptional and assume that x belongs to the principal p-block B of G, 
then each automorphism of the character table CT(G) induced from a normalized 
automorphism of RG ,fixes x. 
Proof. Let c be a normalized R-algebra automorphism of RG. Let (K,S, k) be 
a complete and sufficiently large p-modular system with S containing R, cf. Section 
2.5. By Section 2.1 cr induces an autoequivalence of &rt, k&t and, since cr is 
normalized, by restriction also an autoequivalence of Bm. We denote all these 
equivalences for simplicity also by 0. Since these equivalences are compatible with the 
decomposition map (cf. Sections 2.4 and 2.5) we get that 
4x)), = 4x,), 
where p denotes the restriction to the p-regular classes. By Theorem 3.6 and Remark 
3.8 it follows that 
Consequently, because x is by assumption on-exceptional, x coincides with o(x). [? 
Remarks 3.10. (a) The above theorem clarifies the situation of blocks of finite repres- 
entation type. We note that we do not know whether the condition to be of finite 
representation type is really necessary. 
(b) Obviously it might be of interest whether to a given x E Irr(G) there exists 
a rational prime p such that x belongs to the principal p-block. Certainly x E Irr(G) 
will be fixed by each normalized R-algebra automorphism provided x is the only 
character of defect 0 for some prime p. 
Let G be a simple group of Lie type. Then by a result of Humphreys [ 17, Section 51 
it follows that if p is the describing characteristic of G all ordinary irreducible 
characters belong to the principal p-block except the Steinberg character. In [13, 
Proposition 31 it is shown that there is always a prime p (different from the describ- 
ing characteristic) dividing the order of G such that a Sylow p-subgroup of G is 
cyclic. The Steinberg character of G lies in the principal p-block of G for all 
such primes p. If G is not a Suzuki or a Ree group, this follows from a result of Broue 
et al. [S, Theorem 524(l)] (we thank Gunter Malle for some clarifying comments). 
For the Suzuki and Ree groups, this result can be found in [6,14]. However, if G is 
the alternating group of degree 32, then the irreducible ordinary character corres- 
ponding to the partition (9,6,5,4,3,2, 1, 1,1) does not belong to any principal 
p-block. 
(c) As can be seen in the next section, Corollary 3.9 suffices for the groups 
PSL(2,p), p a prime, to prove the conjecture of Zassenhaus. Note, if each ordinary 
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irreducible character belongs to the principal block whose Brauer graph is a tree, 
it remains to check whether the exceptional ones are linked by a group automor- 
phism. 
In order to apply Corollary 3.9 for a given group G the following algorithm may be 
used, cf. [4]. This algorithm makes sense provided G has cyclic Sylow p-subgroups for 
some prime p dividing the group order. Note that finite simple groups always have 
this property. 







Compute the ordinary character table CT(G). 
Compute the automorphisms of CT(G). 
Compute the subgroup A of Aut(CT(G)) induced by the automorphisms of G. 
Let M be the subset of Irr(G) consisting of those characters x which are moved 
by at least one element of Aut(CT(G)). Check for each x of M whether 
x belongs to the principal p-block for some prime p, where p is a prime such 
that G has a cyclic Sylow p-subgroup. Note that x E Irr(G) belongs to the 
principal p-block if, and only if, for all p-regular elements g E G the following 
holds. 
$$ ICl(dl = IW)l (modd, 
in the ring of algebraic integers of Q [[I, where [ denotes a primitive 1 Cl-th root 
of unity and Cl(g) the conjugacy class of g in G (see [12, (7.10)]). Check whether 
x is non-exceptional, i.e. check how many characters belonging to the principal 
p-block coincide with x restricted to the p-regular classes. 
Let P be the set of rational primes p such that G has cyclic Sylow p-subgroups. 
Let T be the subset of M consisting of those characters which are for some 
prime p E P non-exceptional and belong to the principal p-block. Determine 
the subgroup U of Aut(CT(G)) generated by the character table automor- 
phisms which fix each character of T. 
Compare the subgroups A and U. Note that by Corollary 3.9 the subgroup of 
Aut(CT(G)) induced by Aut,(RG) is always a subgroup of U and contains A. 
Thus, if A = U, each automorphism of RG admits with respect o G a Zassen- 
haus decomposition. 
Example 3.12. Let G be the Mathieu group Mz2. From the character table one sees 
that Aut(CT(G)) is a Kleinian four group. Using the notation as in [7] Aut(CT(G)) is 
generated by the character table automorphism q which interchanges the characters 
x3 and x4, the classes 7A and (7A)**, respectively and t12 interchanging xl0 and x1 1, 
respectively 11 A and (11 A)**. 
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The principal 1 l-block is as follows [ 161 
By Corollary 3.9 we get that the characters x3, x4, respectively are fixed under each 
character table automorphism arising from a normalized R-algebra automorphism of 
RG. Finally ~1~ comes from a group automorphism. Thus the Zassenhaus conjecture 
holds for Mz2. 
3.4. The projective special linear groups PSL(2, p) 
Theorem 3.13. The conjecture of Zassenhaus is valid for the projective special linear 
groups PSL(2,p), if p is a rational prime. 
Proof. As shown in [25, Satz 3.6.1, PSL(2,p) is characterized by its ordinary character 
table. Thus it must only be proven that every normalized R-algebra auto- 
morphism c( E AutJR(PSL(2,p))) operates as a group automorphism of PSL(2,p) on 
the ordinary character table in order to establish the conjecture of Zassenhaus, cf. 
Theorem 3.4. 
The cases p = 2 and p = 3 are easily checked by hand. 
Now let p > 3 be a rational prime, G = PSL(2,p). 
Then all Sylow p-subgroups of G are cyclic, and there are exactly two p-blocks: the 
principal block and a block of defect zero [17, Section 51. According to Corollary 3.9 
all irreducible ordinary characters are fixed by every c( E Aut,(RG) except for the 
exceptional characters. Looking at the ordinary character table of G (e.g., in [lo, 
Section lo]), one can see that there are exactly two characters 6r and &, which are 
exceptional if restricted to the p-regular classes. But these 61,2 belonging to the 
two conjugacy classes of elements of order p are permuted by a diagonal automor- 
phism of G. 
Thus Aut,(RG) operates the same way on the ordinary character table Aut(G) does. 
Therefore the conjecture of Zassenhaus is valid for G. 0 
4. Digressions 
In this section examples are provided, where other methods than the sole examina- 
tion of the principal blocks with cyclic defect have to be used to obtain the validity of 
the conjecture of Zassenhaus. 
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For this purpose we would like to discuss - with the aid of examples - three novel 
methods which can be used to analyze several simple groups successfully. 
In the first method, blocks with cyclic defect which are not the principal block are 
considered additionally. Secondly, the Brauer graph structure of principal blocks with 
non-cyclic defect helps to obtain the results. Finally, the third method uses Ext groups 
to examine some of the groups successfully. 
The necessary ordinary and modular character tables and also the character table 
automorphisms may be obtained with the computer algebra system GAP [32]. 
However, we will also mention literature references. 
4.1. Cyclic blocks which are not the principal block 
An example for considering blocks with cyclic defect other than the principal block 
is the Mathieu group Mi2. The ordinary character table of Ml2 can be found e.g. in 
[ll, Section 51 or in [7]. The character table automorphisms of Ml2 are given 
by ((x2, x3) (x9, xi,,), (x4, x5)) where the ordering of the ordinary characters is relative 
to [7]. 
Since the Sylow 5-subgroups of M i2 are cyclic of order 5, all 5-blocks have cyclic 
defect. There are only 2 blocks of defect 1, the principal block and another block B1 
[18, Theorem 6.21. Since the principal block is fixed, B, is also fixed. The Brauer tree 
corresponding to the block Bi is given in [lS, Theorem 6.21 as follows: 
x2 
A normalized algebra automorphism of the integral group ring can only induce 
a rotation of the vertices x2 _ 5. Thus the following statement is valid: 
If there exists a normalized algebra automorphism of the integral group ring 
permuting x4 and xs, it will also permute x2 and x3. Thus the only possible induced 
character table automorphism is (x2, x3) (x4, xs) (x9, xlO), which is induced by a group 
automorphism of M12. Since Ml2 is simple, this means that the conjecture of 
Zassenhaus is valid for M 1 2. 
4.2. Brauer graph structure 
An example where the Brauer graph structure leads to the validity of the conjecture 
of Zassenhaus is the Mathieu group M23. The ordinary character table can be found 
e.g. in [lS, Table V] or in [7]. The character table automorphisms of M23 are given by 
<(x3, x4) (xi4, xi& (x7, xs), (xlO, xii), (x12, xi3)) where the ordering is relative to C71. 
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The observation of principal blocks with cyclic defect leads to the result that out of 
these ordinary characters all are fixed by every normalized algebra automorphism of 
the integral group ring except possibly the characters xl0 and x1 ]. 
The decomposition matrix of the principal 3-block gives more information [18, 
Theorem 7.41. For convenience, the first row contains the degrees of the irreducible 





























The picture of the corresponding component of the Brauer graph is shown in Fig. 1. 
If there existed a normalized algebra automorphism of the integral group ring 
permuting the characters xl0 and x1 1, then it would also permute the characters x1 2 
and x1 3. But these characters are fixed. Thus every normalized algebra automorphism 
of the integral group ring fixes every ordinary irreducible character. Since 
Out(M,,) = 1 and Mz3 is simple, this means that the conjecture of Zassenhaus is 
valid. 
Fig. 1. 
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Proposition 4.1. The Zassenhaus conjecture holds for the jive simple Mathieu groups. 
and Mz3 are examined 
follows analogously to 
2-block. 0 
Proof. Mz2 is handled in Example 3.12, for Ml1 see [22, p. 1023. The cases Ml2 
in Sections 4.1 and 4.2. Finally the Mathieu group Mz4 
Mz3 using the Brauer graph structure of the principal 
4.3. Ext groups 
An example for using Ext groups to examine groups successfully is the alternating 
group A9. The ordinary character table of A9 can be found e.g. in [2, Appendix 51 or 
in [7]. The character table automorphisms are given by ((x3, x4), (x7, x8)) where the 
ordering is according to [7], 
The decomposition matrix of the principal 2-block looks as follows ([20, Section 31 
or [2, Appendix 51) where the ordering of the characters is relative to [2]: 
1 8 8 20 20 26 78 
(PI ‘pz cp3 cps (P6 (P7 ‘p9 
1 Xl 1 
21 x3 1 
21 x4 1 
27 x5 1 
28 X6 2 
35 X7 1 
35 X8 1 
42 X9 
84 X12 2 
105 X13 1 
120 X14 2 
162 Xl5 2 
189 X17 3 
I I 
1 1 
1 1 1 I 1 
1 
1 1 
1 1 1 1 1 
1 1 1 1 2 
The matrix of the dimensions of the Ext groups (dim Exti,(M, N)) for M, N the 
corresponding modules to irreducible Brauer characters belonging to the principal 
a-block is given in [2, Appendix 61: 
ql (P2 (P3 p5 (P6 (P7 (P9 
cp,ooo 112 1 
q2 0 0 0 1 0 1 0 
(p30 0 0 0 110 
cps 1 0 1 0 0 0 0 
(p6 1 1 0 0 0 0 0 
(p7 2 1 1 0 0 0 0 
(p9 1 0 0 0 0 0 0 
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As one can see the decomposition matrix and thus the Brauer graph structure do not 
tell anything new. But the matrix giving the dimensions of Ext&(M, N) as listed above 
shows that a normalized algebra automorphism of the integral group ring which 
permutes the irreducible Brauer characters sp2 and (p3 has also to permute the 
irreducible Brauer characters cp5 and (p6. Looking at the decomposition matrix of the 
principal 2-block, this leads to the conclusion that a normalized algebra auto- 
morphism of the integral group ring can only operate on the ordinary character table 
as the permutation (x3, x4) (x7, x8). But this operation is induced by a group automor- 
phism. Thus every normalized algebra automorphism of the integral group ring 
operates on the ordinary character table the same way as a group automorphism of 
Ag does. Since A, is simple, the conjecture of Zassenhaus is valid. 
4.4. The sporadic Thompson group 
We would now like to give an example - for the sporadic simple Thompson group 
Th - where an approximation to the Brauer graph structure already suffices to obtain 
the validity of the conjecture of Zassenhaus. 
Looking at the ordinary character table of the sporadic Thompson group Th as 
given in [7], one can see that the group of character table automorphisms is given by 
~~~~~~S~~~27~~28~~~29~~~~~~~~9~~1~~~x35,17~~~~~~~~22~~2~~~~ 
Looking at principal blocks with cyclic defect, we obtain that out of these charac- 
ters all are fixed by every normalized algebra automorphism of the integral group 
ring, except possibly the characters xl4 and xls. 
The approximated structure of the principal 5-block gives more information: 
The following matrix shows an approximation to the decomposition matrix of the 
principal 5-block of the sporadic Thompson group Th. This means that we give 
a basic set of projective characters for this block. These projectives are expressed in 
terms of the ordinary characters, giving the columns of the matrix. Not all of these 
projectives are indecomposable. By using [19,6.3.21], we find that the boldface 
numbers in the table on the following page are decomposition umbers. The projec- 
tive characters were obtained with the help of the MOC-system [15]. 
It follows almost immediately that this approximation leads to the desired result. 
Since the ordinary characters x 1 7 and xl8 are fixed by all normalized algebra 
automorphisms of the integral group ring, the same must be true for the characters xl4 
and xls. Thus Aut,(R(Th)) acts trivially on the ordinary character table, and the 
conjecture of Zassenhaus is valid for Th. 
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